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MATHEMATICAL MODEL OF THE “GOLDEN RULE”

ZHUKOVSKIY V.1.%, SAcHKOV S.N.?, GOrRBATOV A.S.!

1RuUssIA, LOMONOSOV MOSCOW STATE UNIVERSITY

2RUSSIA, MOSCOW STATE UNIVERSITY OF TECHNOLOGIES AND MANAGEMENT

Abstract. In this paper we offer a new approach to the conflict solution. It is based on
the “Golden rule of morals”. The most famous wording of this rule is “And just as you
want men to do to you, you also do to them likewise” (Gospel of Luke 6:31). Using the
“Golden rule” to the conflicts solution we wittingly avoid a sharpening of relations,
wars and armed conflicts.

Key words: “Golden rule of morals”, situation, payoff function, Nash equilibrium,
Berge equilibrium, mixed strategy.

1. Nash equilibrium

A conflict arises when some persons with different own aims oppose to each
other. To solve a conflict is to choose such operations that the results of these
operations will be convenient for all participants of the conflict. This problem is
usually investigated by methods of mathematical non-cooperative game theory.
A mathematical model of conflict is represented by a non-cooperative game of
N persons:

r =< N, {Xi}ieN’ {fi(x)}ieN>'

Here N={1, ... ,N} is a set of the players (participants of a conflict) numbers.
Each i-th player uses his own pure strategy x, € X, = R". The players choose their

strategies independently of each other. As a result we get a situation

X = (X, ...,xN)eX=HXicR” (n:Znij. We define a payoff function f.(x)

ieN ieN

(i e N) of the i-th player on the set X . The i-th player obtains a payoff f,(x) which
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is equal to the value of his payoff function in the concrete situation

X=(X, ..., Xy) e X.
A situation x° =(x{,...,xy) e X inthe game I is called a Nash equilibrium if

max f, (x° %)= f,(x) (ieN), (1)

XX

where (x° ||xi)=(xf, c XXX ,Xﬁ,).
This solution of the game I was offered [1] in 1949 by American mathematician
John Forbes Nash. Nash equilibrium is a crucial concept in non-cooperative
games, and it won John Nash the Nobel prize in economics in 1994. The notion
of Nash equilibrium is used in market economics, evolutionary biology, politics
and military theory.

Note that the Nash equilibrium has an “egoistic character” because solving a
conflict every one of the players tries to satisfy his own interests only (by (1) the
i-th player chooses his strategy such that his payoff will be the largest possible).
But we demonstrate in this paper that it is possible to solve conflicts by a friendly
way. This way implies that every i-th player (using the Berge equilibrium) must
support to every other ones. The Berge equilibrium concept formalizes mutual
support among players motivated by the altruistic social value orientation in
conflicts. In this paper we have established that this friendly solution of a conflict
exists under standard (for the mathematical game theory) restrictions, such as
continuity of payoff functions and compactness of the sets of player’s strategies.

Thus in this paper we will prove existence (Theorem in Subsection 4) of
operations (in mixed strategies) of conflict participants which friendly solve
almost any conflict.

2. Berge equilibrium

In 1957 French mathematician Claud Berge published a book “General theory of
n-persons game”. The Berge’s book was translated into Russian in 1961 [2]. By
virtue of this book a new notion of equilibrium was formulated in 1994.

A situation x® € X is called a Berge equilibrium in the game T if

18
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fxXB)< f,(xB) WxeX (ieN). (2)

This notion is absent in the book [2]. The Berge equilibrium concept was
introduced intuitively in this book. The notion of Berge equilibrium first was
formalized by Zhukovskiy’s doctoral student Konstantin Vaisman [3-5]. In
contrast to (1) in (2) the sense of equilibrium has changed: every i-th player is
motivated to maximize the payoffs to the other players (forgetting himself) and
every player chooses strategies accordingly. Such altruistic approach to a conflict
solution makes it possible to avoid a sharpening of relations, wars and armed
conflicts.

In our opinion a Berge equilibrium is the only method of conflict solution
corresponding to the “Golden rule of morals”.

Konstantin Vaisman died suddenly at the age of 35 in 1998 and the investigations
of Berge equilibrium in Russia were interrupted. But the Algerian doctoral
students of professor Zhukovskiy (M. Larbani, M. Radjef) took out the notion of
Berge equilibrium to the West, where the Berge equilibrium is actively
investigated now (see review [6]). The stage of heuristic methods has already
been passed. Replacing the intensive accumulation of facts, the stage of
evolutionary development of the mathematical theory of Berge equilibrium
comes.

3. Sufficient conditions

For the game I we construct a scalar function
(X, 2) = nl]e%X[ f.(x1z) - fi(z)] ’ (3)
where z, € X; (ieN), z2=(z,...zy)eX..

Proposition. If for the function ¢(x,z) from (3) there exists a saddle point
(x°,2)e X xX, i.e.

o(x,2°) <p(x°, ) <p(x°,2) Vx,zeX, (4)

then x® =z° is a Berge equilibrium situation for the gameT.
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Proof. Setting z=x° in (4), in view of (3) we have ¢(x°,x°) =0. Therefore from (4)

we get gp(x,z"):m%x[fi(x” 2°)- f,(z°)]<0 VxeX . Hence we get for x®=2°

[ f(xlIx”)—f,(x®)<0 VieN | & [ fi(x|x)<fi(x®) VieN, xeX ].

Remark. The above proposition substantiates the following method of finding of
a Berge equilibrium situation. In order to find a Berge equilibrium situation one
must

a) construct a function ¢(x,z) of the form (3),
b) find a saddle point (x°,z°) determined by (4).

Then the situation z° is a Berge equilibrium situation for the game T,
4. Existence of Berge equilibrium

Assume that in the class of pure strategies there does not exist a situation x°
satisfying the Berge equilibrium condition (2). Then one can follow the approach
proposed by Borel, von Neumann and Nash. The approach is that the set X, of

pure strategies x, should be extended to the set of mixed strategies; then for the

game [ existence of Berge equilibrium can be established on a class of mixed
strategies.

Further we suppose that in the game I'

— the sets of pure strategies X, ecomp R" (i.e. closed and bounded),
— the payoff functions f,(x) are continuous on X =1_[Xi .
ieN

We construct the Borel o -algebra B(X,) for every compact set X, (ieN). In
game theory a mixed strategy v,(-) of the i-th player is a probability measure on
the compact set X,. A probability measure is a nonnegative scalar function v, ()
which is defined on B(X,)and satisfies the property of countable additivity and
the property of normability. Denote the set of mixed strategies v,(-) of the i-th

player by {v;} (ieN).

The measure-products v(dx) =v,(dx,)...v, (dx,) are the probability measures on

the set X of situations (in pure strategies). Denote the set of probability
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measures v(dx) by {v} . The measure v(dx) is called a situation in mixed

strategies.

Further we construct the payoff functions (mathematical expectations)

(V)= [ () v(dx) (ieN). (5)

We put into correspondence to the game I in pure strategies its mixed extension
I'= <N' {Vi }ieN ! { fi (V)}ieN> '

A situation v®(-)e{v} is called a Berge equilibrium for the game T (or a Berge

equilibrium situation in mixed strategies for the game T) if the following
conditions

f(vIv®)<f(v?) vv()e{v}, ieN, (6)
hold. Here (v[v?)=(vy(dx)..viy(dx, 1) v2(dx) vi,(dx;,)..vy(dxy)) -
The main result of present paper is

Theorem. Suppose that the sets X, (i e N) are nonempty and compact and the

payoff functions f,(x) (ieN) are continuous on X =1_[Xi in the game . Then
ieN

there exists a Berge equilibrium situation in mixed strategies for the game I.

Proof. For the game I" we construct a Germayer convolution:

B(v, ) =max [ £, 1l 4) - ()],

where () e{v;} and v(;), u() e{v}. In view of (5) f,(x) =I fi(D)u(dz), f;(vim)=

= [ [ [ o e X0 X X DV (00 Vg (0% 1) 24(d2,) v 4 (X ) v (D),

i1 Xi X Xy

X,z €X,and x,ze X.
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The validity of the following assertion is established in the same way as the
validity of the proposition from Subsection 4. If (v°,y°) is a saddle point of the

function ¢(v, ), i.e.

max @(v, 1°) = @o(v°, 1°) = min (v, 1),
m E{V}qo(vu) o(v 1) m emco(v 1)

then the situation in mixed strategies v®(dx)= x°(dx) is a Berge equilibrium
situation for the game T, i.e. this situation satisfies (6).

The proof is finished by applying of well-known in mathematical game theory
assertions:

a) if a function w(x,z) is continuous on X xZ and the sets X and Z are
compact, then the function max w(X,z) is continuous on Z (therefore the

function ¢(x,z) determined by (3) is continuous on X x X );
b) the Glicksberg theorem [8] of existence of a saddle point in mixed
strategies for a zero-sum game.

Besides we apply some properties of mixed strategies obtained in [9, 10].

The authors would like to thank RFBR for financial support (grant 14-01-90408).
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