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P�redmluva

�ento text byl naps�an jako skripta Univerzity Karlovy v Praze k p�redn�a�sce STP ��� Teorie
pravd�epodobnostik kter�a je p�redn�a�sena na Matematicko��yzik�aln�f �akult�eT

U�cebn�f l�atku v rozsahu uveden�e p�redn�a�sky obsahuj�f kapitoly � a�z �"T Na n�e navazuje kapitola �#
shrnuj�fc�f r�uzn�e zp�usoby charakterizace rozd�elen�f n�ahodn�e veli�ciny a kapitola ��k kter�a p�ripom�fn�a n�ekter�a
klasick�a rozd�elen�f pravd�epodobnostiT K textu p�redn�a�sky je p�ripojen stru�cn�y p�rehled matematick�eho
apar�atuk kter�y je v p�redn�a�sce pou�z�fv�ank kapitola ��k seznam pou�zit�e literaturyk kapitola ��k a p�r�fkladyk
kapitola ��T

�ext je d�ale roz�s�f�ren o kapitolu �� o lok�aln�fch limitn�fch v�et�achk kter�e maj�f �sirok�e uplatn�en�f ve �yzicek
a o kapitolu ��k obsahuj�fc�f d�ukaz Prochorovovy v�etyT �yto kapitoly nejsou sice sou�c�ast�f v�ykladu p�redn�a�sky
ale jsou za�razeny do skript pro z�upln�en�f jejich obsahuT Nav�fc technikak zde pou�zit�ak b�yv�a p�redpokl�ad�ana
v pokro�cilej�s�fch kurzech teorie pravd�epodobnostiT

Petr Lachout
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D�e�n�� �m�a J�e�l X n�v� � h�dn�t�ml v �E� E�� p�k z�vv�dv�m� p�j�m e�zd����nv� 	pe�vd��p�d��n��tls n�v�
X j�k� pe�vd��p�d��n��tnv� mv�eu PX d��n�v�n�u n� E p�e�dpl��m PX�B� & P�X � B� $& P�BX � BD� pe�
B � E�

Jlnv� p�u�zv�v�nv� zn��c�nv� j� PX & L�X� & L�X jP ��

L���m �m�a Kdy�z X �e nAeA � h�dn�tami e �E� E�� �ak �E� E �PX� �e �raed�e��d��n��tn�m �r��t�rA

D��kaz �emmat� �e ��nech�an na �cten�a�riA

!



�U�mula u�vz Pr� n�v� X v h�un�t�m� v �E� E� z�veueme nn�vleu��nconc term�n�l�g���
�� Je�l� �E� E �PX� u�v�rnetnnc pr�vueep�u�bn�vtnnc pr�vt�rj p�� ernc�n�mej eze n�v� X mn� u�v�rnetnnc r�zueelennc�

��� Je�l� �E� E �PX� vp���tny pr�vueep�u�bn�vtnnc pr�vt�rj p�� ernc�n�mej eze n�v� X mn� vp���tne r�zueelennc�

e��vnc bnyt E � B k � E & B k +E��
���� B�ueme ernc��tj eze X & �X
� X�� � � � � Xk�

�
�e ek�r�zmeernny� nn�h�unny ve�t�rj �e�l� n�v� v h�un�t�m�

v

�
k

X
i�


Ei�
kN
i�

Ei


�

�v� B�ueme ernc��tj eze X & �Xi� i � N � �e nn�h�unn� p�vl��pn�vtj �e�l� n�v� v h�un�t�m�

v

�
X
i	N

Ei�
N
i	N
Ei


�

v� B�ueme ernc��tj eze X & �Xt� t � T � �e nn�h�unny pr�oev �nuex�v�nny T j �e�l� n�v� v h�un�t�m�
v

�
X
t	T

Et�
N
t	T

Et


�

v�� B�ueme ernc��tj eze X �e ren�lnn� n�v�j �e�l� n�v� v h�un�t�m� v �R � B ��

v��� B�ueme ernc��tj eze X & �X
� X�� � � � � Xk�
� �e ek�r�zmeernny� ren�lnny nn�h�unny ve�t�rj �e�l� n�v� v h�un��

t�m� v �Rk� B k� pr� nee���ne per�r�zenne eoncvl� k�

v���� B�ueme ernc��tj eze X&�Xi� i � N � �e ren�lnn� nn�h�unn� p�vl��pn�vtj �e�l� n�v� v h�un�t�m� v
#
RN� B N

�
�

�x� B�ueme ernc��tj eze X & �Xt� t � T � �e ren�lnny nn�h�unny pr�oev �nuex�v�nny T j �e�l� n�v� v h�un�t�m�
v
#
RT � B T

�
�

x� B�ueme ernc��tj eze X �e z�beoneenn� ren�lnn� n�v�j �e�l� n�v� v h�un�t�m� v �R � B ��

x�� B�ueme ernc��tj eze X �e ��mplexnnc n�v�j �e�l� n�v� v h�un�t�m� v �C � B �C ���

V n�m����s po���n
�nems �o��ci�o�ns 
ae��s�ey� Ds��ics �oho�o �o��ci�� js ��sds�e � dode�cn
ch jezo A����
Ke��dne ���� mne ��ns eo�d�s�s�n
 pee�d�spodo��o��i� M����sms �s p�ne�v �de zs ze��dns pee�d�spodo��o���n


mn
�es s�i���js ����v z�sene ji mne jezo ��ns eo�d�s�s�n
� Odpo��sd� js z�ed�ne�

V�eta u��z Nsch�� �E� E � �� js pee�d�spodo��o���n
 peo��oe� Po�om s�i���js ���� X �ezo�nev ��s jsjn
 eo�d�s�s�n

js PX & ��

D�uka�z Po�o��ms ���A�P� & �E� E � �� e X & IdE �
Peo B � E do��ne�nems PX�B� & P�X � B� & P�B� & ��B��

Q�E�D�

Ko���e�zcs po���i�ne � d��ze�� ��s�y �s �e�ny�ne ��n�n�o�n� ��nvtr��oe n�v�
Ro�d�s�s�n
 pee�d�spodo��o��i �ce��o �s �y�zy��jn
cn
 � pee�i mejn
 ��ns ���ne�s�ns �ne��yv �i� zepi�o�e ���

"



	� M�e�ritelnost kolekce n�ahodn�ych veli�cin

S�ec�zkmm�al� �e��n�v�ek� ek�h��ek� v�l��n�eya �ct�m�t�n�y ��itk�vk�m� ek�h��eky pe�n�i�

V�eta ��
z N�nht� ���A�P� j� pe�v���p����e�itekm pe�it�ea T �& � � e�nht� pe� t � T ji�c Et & �Et� Et�
m���e�t�lek� pe�it�ey� K�y�z Xt $ ���A�� �Et� Et� ji�c e�v� pe� ���z�k� t � T a p�t�m �Xt� t � T � j� ek�h��eky

pe�n�i i h��e�t�m� v

�
X
t	T

Et�
N
t	T

Et


�

D�uka�z P�t�e��cj�m� �v���e�t ipek�ve�c m���e�t�le�it ��l��n� e�v� �Xt� t � T �� D��ecjm� pe�t� me��z�ec

M &

�
B �

O
t	T

Et $ B�Xt� t � T � � BD � A
�
�

�� Ov���ekmm�a �z� M j� 
a�l���e��

��� X
t	T

Et �Ma pe�t��z�

�
�Xt� t � T � � X

t	T
Et

�
& � � A�

��� K�y�z A �Ma p�t�m

�
�Xt� t � T � � X

t	T
Et nA

�
& � n B�Xt� t � T � � AD � A�

Pe�t� t��k� X
t	T

Et nA � M�

�n� K�y�z An �Ma n � N a p�t�m pl�tkm�
�Xt� t � T � �

��8
n�


An

�
&

��8
n�


B�Xt� t � T � � AnD � A �

Pe�t� t��k�
��S
n�


An �M�

�� U�k��z�m�a �z� M ��i�hcj� v�i�nhey ��e��ne��e�zm��eek� ���k�lekm�y

Pe� ��e��ne�� �e��n�c t
� t�� � � � � tk � T � me��z�ey Bt � Et pe� ���z�k� t � T t���vk�a �z� Bt & Et p��c�
t �� ft
� t�� � � � � tkga pl�tkm �

�Xt� t � T � � X
t	T

Bt

�
&

k9
i�


BXti � Bti D � A �

T��y M ��i�hcj� v�i�nhey ��e��ne��e�zm��eek� ���k�lekm�y�

Z ���e�n� i�c�n�ec 
a�l����ea v�z A���a vyplkyvk�a �z�

O
t	T

Et & 


��
X
t	T

Bt $ Bt � Et pe� ���z�k� t � T � Bt & Et ��z e� ��e��ne�� t � T
�


&M �

Sl���v�ek� ��l��n� e�v� j� ipek�ve�� m���e�t�lek��
Q�E�D�

Sp�n�k�le�� ��itk�vk�m� m���e�t�le�it ek�h��ek�h� v��t�ec � ek�h��ek� p�il�cpe�it��

V�eta ���z N�nht� ���A�P� j� pe�v���p����e�itekm pe�it�e � k � N � N�nht� pe� i & �� �� � � � � k ji�c �k�ey
Ei & �Ei� Ei� m���e�t�lek� pe�it�ey � Xi $ ���A�� �Ei� Ei� e�v� P�t�m �X
� X�� � � � � Xk�

� j� ek�h��eky v��t�e

i h��e�t�m� v

�
k

X
i�


Ei�
kN
i�

Ei


�

D�uka�z V��t� j� ip�n�k�lekmm p�ekmp���m v��ty ���� St��nkm p�l��z�t T $& f�� �� � � � � kg�
Q�E�D�
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V�eta ���z N�cha� o��A�P� j� �r�vd���odo�nosanep �rosaor � n�cha� �ro k��zde� i � N jsou Ei & oEi� Ei�
����ria�lne� �rosaory � Xi $ o��A� � oEi� Ei� n�v� Poao� oXi� i � N � j� ne�hodne� �oslou�nosa s hodnoa��i

v
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X
i	N

Ei�
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Ei


�

D�uka�z V��a� j� s��cie�lnep� ��rep��d�� v��ay ���� �a��cep �olo�zia T $& N �
Q�E�D�

Pozd��ji s� �ud��� z�jep��a o �sy��aoaicke� vl�sanosai �oslou�nosai ne�hodneych v�li�cin � o r�uzne� ay�y
konv�r��ncep� Bud��� �roao �oa�r��ov�a ao�olo�ickou sarukauru n� �no�zin�� hodnoa� ka�re� ne�hodne� v�li�ciny
n��eyv�jep� M���ria�lnosa ��k �usep�� vy�z�dov�a vzhl�d�� k �or�lovske� 
a�l����r� sou�cinove�ho �rosaoru�
ka�re� v�s�k j� o��cn�� �odsa�an�� v��a�sep n��z sou�cin �or�lovskeych 
a�l����r� N��sa��saep �ro s���r��ilnep ��aricke�
�rosaory j� z�ru�c�n� rovnosa ��zi a���iao dv���� 
a�l���r��i�

V�eta ���z N�cha� o��A�P� j� �r�vd���odo�nosanep �rosaor � �ro i & �� �� � � � � k jsou Ei & oEi� di� s���a

r��ilnep ��aricke� �rosaory � Xi $ o��A� �


Ei� B oEi�

�
n�v� Poao� oX
� X�� � � � � Xk�

� j� ne�hodney v�kaor
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D�uka�z P�rep�ey d�usl�d�k v��ay ��� � v��ay C��� z dod�ak�u�
Q�E�D�

V�eta ���z N�cha� o��A�P� j� �r�vd���odo�nosanep �rosaor � �ro i � N jsou Ei & oEi� di� s���r��ilnep ��aa

ricke� �rosaory � Xi $ o��A��


Ei� B oEi�

�
n�v� Poao� oXi� i � N � j� ne�hodne� �oslou�nosa s hodnoa��i
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D�uka�z P�rep�ey d�usl�d�k v��ay ��� � v��ay C��� z dod�ak�u�
Q�E�D�

Pro �oh�a�sep ind�xove� �no�ziny s� v�s�k ji�z sou�cinove� � �or�lovske� 
a�l���r� �ohou �odsa�an�� li�sia�
Tvrz�nep �roao o��cn�� n��l�aep �ro �roc�sy�

R�e�lne� ��rep�k� j� s���r��ilnep� ��arickey� �rosaor��� Proao r�e�lne� ne�hodne� �oslou�nosai � v�kaory
jsou �or�lovsky ����ria�lne�� j�k�il� ��jep ����ria�lne� slo�zky�
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� Distribu�cn�� funkce

Ke st�iovei�r rozd�elei�r i�v� st��c�r zi��t er�vd�eeodo�iosti�r m�rru P eouze i� seec���li�r 
a�l�e��re�

Dienn�i �c�e Nec�t� X je nP�P v �odnotami � �E� E� de�no�anva na ���A�P�P Pa� 
aalge�ru

�X� & fBX � BD $ B � Eg nazvy�vame 
aalge�rou genero�anou nP�P XP

Pozn�amka �c�e

i�
#
�� 
�X� �P�
�X�

�
je pra�d�epodo�novtnv� provtorP

ii� Pro nva�odnvy �e�tor X & �X
� X�� � � � � Xk�
�
platv� 
�X� & 
�
�X
� * 
�X�� * � � � * 
�Xk��P

iii� Pro nva�odnou povloupnovt X & �Xi� i � N� platv� 
�X� & 


� S
i	N


�Xi�



P

i�� Pro nva�odnvy procev X & �Xt� t � T � platv� 
�X� & 


� S
t	T


�Xt�



P

D�ukaze

�� Syst�em mio�z�i 
�X� je ev�deiti�e 
a�l�e�r�k � eroto
#
�� 
�X� �P�
�X�

�
tvo�r�r er�vd�eeodo�iosti�r

erostor�

�� St��c�r uk��z�t ch�r�kter�z�c� 
a�l�e�ry �eierov�i�e erocesem� Z�yl�� tvrzei�r jsou seec���li�rm e�r�re�dem
tohoto tvrzei�r�

Iikluze 
�X� 
 


� S
t	T


�Xt�



je z�rejm��� Mus�rme uk��z�t eouze oe��ciou �ikluz��

Deeiujme mio�z�iu

M &
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B �

O
t	T

Et $ BX � BD � 

�8
t	T


�Xt�
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�

Ev�deiti�ekM je 
a�l�e�r�� St��c�r ov�e�r�tk �ze o�s�huje �eier��tor sou�c�iov�e 
a�l�e�ry�

Vezm�eme koie�ci�erozm�eri�e o�d�eli�rky B & X
t	T

Btk kde Bt � Et ero k��zd�e t � T � Bt �& Et eouze

ero koie�ci�e t � T � Ozi��cme tyto �idexy t
k t�k � � � k tnk kde n je jej�ch eo�cet� Potom

BX � BD &

n9
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BXti � Bti D � 

�8
t	T


�Xt�

�
�

Syst�em mio�z�i M je 
a�l�e�r�k kter�� o�s�huje v�sechiy koie�ci�erozm�eri�e o�d�eli�rky�

ProtoM &
N
t	T

Et & E � z t�eto roviost� vyel�yv��k �ze 
�X� 	 


� S
t	T


�Xt�
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Q�E�D�

P�r��klad �c�e Necht� i�v� X i���yv�� seo�ceti�e mioh� hodiot v �E� E�k ozi��cme je xi� i � N � Polo�z�rmeal�
pi & P�X & xi�k i � N k e�k X m�� rozd�elei�r

PX �B� & P�X � B� &

��X
i�


piIxi	B ero k��zd�e B � E �

J�i�k �re�ceio

PX &
��X
i�


pi�xi � kde �y�B� &

�
� eokud y � Bk
� eokud y �� B�
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Nvvv � g�n�ruj� 
aalg��ru


��� & 
�fB� & xiD $ i � Ng� &
 %
"8
j	J

B� & xj D $ J 	 N

!&
$ �

�

P�r��klad �c�z N�cst� � & ��
X ��� j� r�ealney neasodney v�ktor s� spojiteym rozd��l�nemm a s sustotou
f $ R� � Rv �ak platem

PX�B� &

Z
B

f�x
X x�� dx
 dx� pro v�s�csna B � B � �

Spo�ct��m� si marginealnem rozd��l�nemn tjv rozd��l�nem nvvv �
 a ��v V�zm��m� B � B a po�cemt�jm�

PX��B� & P��
 � B� & P


��
X ��� � B � R

�
& PX�B � R� &

&

Z
B�R

f�x
X x�� dx
 dx� &

Z
B

�Z ��

��
f�x
X x�� dx�



dx


podl� Fu�iniso v��tyn n��ot� f � �v Tudem�z nvvv �
 mea spojite� rozd��l�nem s sustotou

f
�x� &

�R ��
�� f�xX y� dy pokud int�greal �xistuj� a j� kon��cneyn
� jinak

a nvvv �� mea spojite� rozd��l�nem s sustotou

f��x� &

�R ��
�� f�yX x� dy pokud int�greal �xistuj� a j� kon��cneyn
� jinakv

�

A jak j� to s g�n�rovaneymi 
aalg��rami'


��� & fB� � BD $ B � B g & 
�fBa
 X �
 X b
D + Ba� X �� X b�D $ a
 X b
X a� X b�g�
& 
�fB�
 X b
D + B�� X b�D $ b
X b� � Rg� X


��
� & fB�
 � BD $ B � B g & 
�fBa X �
 X bD $ a X bX aX b � Rg� & 
�fB�
 X bD $ b � Rg� X

���� & fB�� � BD $ B � B g & 
�fBa X �� X bD $ a X bX aX b � Rg� & 
�fB�� X bD $ b � Rg� �

�
Rozd��l�nem r�ealne�so neasodne�so v�ktoru lz� csarakt�rizovat pomocem j�so distri�u�cnem funkc�v

Die�n�i �c�z Ne�ht� � & ��
X ��X � � � X �k�
�
je �enal�ny �nahod�ny vento�� Pan de��ujeme �u�n�i

FX�x
X x�X � � � X xk� $& P��
 X x
X �� X x�X ���X �k X xk� & PX

�
k

X
i�


���X xi�




p�o na�zdne x
X x�X � � � X xk � R a budeme ji �aznyvat dist�ibu���nf �u�n�e 	dnale d���r �enal�neho �nahod�neho vento�u
��

V�ita �c�z Rozd��l�nem r�ealne�so neasodne�so v�ktoru j� j�dnozna�cn�� ur�c�no j�so distri�u�cnem funkcemv

D�uka�z N�cst� � & ��
X ��X � � � X �k�
�
a Y & �Y
X Y�X � � � X Yk�

�
jsou dva r�ealne� neasodne� v�ktoryv Majemali

tyto v�ktory ssodne� rozd��l�nemn pak p�remmo z d��nic� videmm�n �z� s� j�jics dvfv ssodujemv Z�eyvea ukeazat opa�cnou
implikaciv

��



P�redp�klvadejmep �ze FX & FY a �zna�cme � &
�
B � B k $ PX�B� & PY �B�

�
� Na�svmm cvmlem je ukvazatp

�ze� & B k�
Z r�vn�sti FX & FY vyplvyvvap �ze

S &

�
k

X
i�


���� bi� $ b
� b�� � � � � bk � R

�
M� �

Je�st�e �v�e�rvmmep �ze � je Dynkin�uv systvemp de�nice je uvedena v d�datcvmch ve v�et�e A�"�

�� Rk � �p pr�t��ze PX
#
Rk
�
& PY

#
Rk
�
& ��

�� Kdy�z A�B �� a A 
 B pak platvm

PX�A nB� & PX�A�� PX �B� & PY �A�� PY �B� & PY �A nB� �

P�t�m A nB ���

�� Kdy�z An � �p n � N js�u p� dv�u disjunktnvmp pak

PX

�
��8
n�


An

�
&

��X
n�


PX�An� &

��X
n�


PY �An� & PY

�
��8
n�


An

�
�

P�t�m
��S
n�


An � ��

S je uzav�ren� na k�ne�cnve pr�unikyp a tak �
 
�S� & B k p�dle v�ety A�"�
Q�E�D�

�U�m�l� �cve �ro poro���������d d�ou �ektor�u po slohzk���c� phr�dp�d�he slohzek �ektoru � h��dsl�� budeme pouhz�d��t
symbol�u �� �� � � �P �ro posloup�ost �ektor�u xn � Rk� n � N � �ektor x � Rk budeme jeji�c ko��erge��i
po slohzk���c oz��h�o��t xn � xP

Distribu�cnvm funkce umvmme jedn�zna�cn�e charakteriz�vat�

Die�n�i �c�e Budeme hr�dk�t� hze �u�k�e F $ Rk � B�� �D je DFkf�u�k�e� jestlihze je spl�he�o�

i� �ro k�hzd�e x � Rk existuje posloup�ost bod�u xn � Rk� n � N t�ko���� hze xn � x� xn � x � pl�t�d
lim

n���
F �xn� & F �x�P
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P�rsmm� z de�nice ��# plynee �ze kdy�z �� y � R
k
e � � ye p���m aF ��� � aF �y�� Je �� pr���e �ze je bud�
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