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A CERTAIN PROBLEM OF CLUSTERIZATION OF
DISTRIBUTED SYSTEMS

BoLOTIN E.I., ZENKEVICH S.L.

RuUssSIA, MOSCOW STATE TECHNICAL UNIVERSITY NAMED N.JE.BAUMAN

Abstract. A problem of multi-level clusterization of distributed systems is considered in
this paper. The problem is to find the multi-level, hierarchically organized partition of
the system, which minimizes the total number of connections between objects in the
system. We describe two partitioning strategies, and deduce the analytical recurrent
equations allowing to find the number of the objects in each subsystem given the level
of partitioning. We also conduct a number of computational experiments.

Keywords: clustering, distributed system, communication, connection.

1. Introduction

In our opinion, clusterization problems are not discussed in theory of distributed
systems. However, there are some applications where certain grouping of
objects constituting the system becomes quite important.

For example, [1] describes a problem of cooperation among the groups of
guadro-copters, who solve the task of catching the ball. Part of the net is
attached to each of the robot in the group. By solving that problem by a group
of quadro-copters, they can use larger net, and increase the efficiency of a
solution.

Paper [2] describes a problem of locating the moving objects inside the room, by
teams of mobile robots equipped with laser rangefinders. By cooperating, the
robots synchronize their idea about the environment. This allows to decrease
the complexity and volume of data gathered, and more efficiently detect the
moving objects.
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The problem of calculating the optimal topological structure also arises in the
field of constructing local and global computer networks [3]. The problems of
decreasing the latency between network segments is considered, and
decreasing the number of intermediate nodes.

One of the applications where clusterization issues have a great impact is the
following: consider N objects which solve the common task. They need to
communicate to each other using some communication channel [4]. Efficient
and reliable operation of such channels, and decreasing the number of such
channels, is quite an important task. This problem is especially challenging for
the “swarm”-type systems which contain hundreds of objects. By partitioning
this distributed system to subgroups we could approach such problem.

A problem of minimization of a number of links also arises when a group of
objects constitutes a multi-agent system, that is it includes a number of agents
which could make some decisions independently. In this situation, however,
there is a an additional problem of choosing the structurization strategy.

Similar problem arises in social groups: it is complicated to ensure the normal
functioning of large unstructured groups of people. We always use some kind of
hierarchy, which provide some structurization of such groups. This is particularly
true for scientific, administrative and industrial collaborations, where the first
priority is concerned with an effective management structure.

2. Preliminary discussion

Before we define the problem formally, let us consider some illuminating
examples.

2.1 Examplel

Given the group of 12 objects, for an unstructured case (“peer-to-peer”) we have
the number of links L =12><(12—1)/2 =66. Let us divide that group into two

halves containing 6 objects each. Communication inside the subgroups is peer-
to-peer, while communication between the groups is via chosen nodes
(“switches”). Then the number of linksis L =2x 6 x (6 —1)/ 2+1=31.Letusnow
divide the group into 3subgroups with 4 objects each. We have

9
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L=3x4x(4-1)/2+3x(3-1)/2=21. Finally, if we partition the group into
12 subgroups (that is, each of the nodes is a switch), then we have the same
result as for no partitioning: L :12><(12—1)/ 2=066. It is clear that there is an

optimal partitioning, where the number of links is minimum.
Notes:

1) We divide the group for the subgroups of the same size. Let us show that
this is the best case. Let X; be the size of ith subgroup. Then given the

number k of subgroups the number of links for partitioning the N objects
k k

is L= X(xi-1)/2+k(k-1)/2, given that > X =N . Solving this
i=1 i=1

simple equation for the conditional extremum of L function, we get

X; =Xy =---=X% =N /K. (All the expressions are symmetrical in X;.)

2) Itis obvious that for the general case where X; is an integer number, this

requirement could become invalid: for example, we could try to divide
10 objects into 3 groups. In that case we would have to search some
rounded numbers as a solution.

3) We do not take into consideration the bandwidth for the communication
links. It is clear that for the faulty partitioning inter-group channels could
be used too much. This problem is not discussed in this paper, however it
is rather important.

2.2 Example 2

Let us increase the partitioning depth, that is divide each of the subgroups into
a number of sub-subgroups. Let us look at a simple example.

Consider a group of 12 objects divided into 3 subgroups of 4 objects each.
Number of links equals 21. (See Example 1). Let us divide each of the subgroups
into two sub-subgroups of 2 objects each. It is easy to see that the number of
links becomes L=6+3+3=12. So, the number of links decreased.

This observation allows to deduce that iterative partitioning of system of objects
into smaller clusters can lead to decrease of the number of links. Note that we
do not consider the possibility of increasing bandwidth requirement.

10
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Let us look into that problem in more detail.

3. Problem statement

Let C™ be the degree of the system clusterization. That is, C©® means no
further structure, CY means partitioning the group into subgroups, C® means
further partitioning of subgroups into sub-subgroups, etc. Let X, X, be a
number of objects in each cluster for the i-th level of clusterization. Let L™ and

N =N be the total number of links between the objects and full number of
objects in a system using the rank-n clusterization (here N is the total number of
objects in a system). Then we need to solve the problem of finding
X,1=12,...,n+1, which minimizes the number of links, where n is the given

level of clusterization.

We will use the usual method of induction and Lagrange method of constrained
optimization.

Let us consider two strategies of partitioning.
4. Strategy 1

This strategy consists of partitioning the group of objects into subgroups and
appointing one of the objects for the role of “switch”. This object does the same
as the other objects, but it also provides the communication between objects of
its own subgroup with objects from other subgroups.

The problem is to find such x; that the number of links between the objects is

minimum for the given level of clusterization.

Let us look at several initial induction steps.

4.1 Step c@ (no structurization)

This step is needed for the following induction steps and of course it does not
include the minimization procedure. The following obvious equations hold:

11
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« = NO [© _ %0 —1)
1 ! 2
4.2 Step c® (partitioning into subgroups)

Structurization discipline for this case is shown in Figure Owmn6bka! UcTouHuK
CCbINIKN HEe HaWAEeH..

P
ST

Figure 1. Structurization discipline for the case C'?

Let x; be the number of objects in subgroup, and X, the number of subgroups.

It is easy to see then, that the following equations hold:

XX = N® = x,N©

The function to be minimized looks like this:

JO @ +1(N(1) —N)

Taking into account the necessary extremum conditions, we get the following
equations:

12
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2 (1)

Let us introduce the additional parameter which we’ll need in the following text:

10 2 [0 aN® Z (O 0= 5 ho o Xl 1,
2 2 2
It could be seen that searching for X, X, with given N requires, according to (1),
to solve cubic equation for X; or X,. We, however, will not discuss this simple

problem, because the subsequent increase in level of clusterization will lead the
equations of higher order, which could not be solved analytically. However,
found relations allow to find x, and N given X, that is to solve the inverse

problem.

Note:

Let us find the integer solutions of (1). From first equation it follows that X12 is

odd, and so X; is odd. Then integer solutions of 1 are as follows:

9 X —1X2+l
272 2
(N =X,
where K=0,12,...
4.3 Example

Let us find first several integer solutions:

Table 1

k Xq Xy

0 1 1 1

1 3 5 15
2 5 13 65
3 7 25 175

13
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4 9 41 369

For example, for the N=65 objects the optimal partitioning with regard of the
number of links is 13 groups by 5 objects each.

4.4 Step c® (partitioning subgroups into sub-subgroups)

In this case we need to minimize the function

L@ _y (@ 4 X806 —1)
3 2

given that

N® = x %% = xN® =N

which requires minimizing function

3@ 1@ L A(N® —N)

Calculations lead to the following result:

1
A===X
2 1
X, =1x2 41
22 2
1, 1
Xg==X5 +— 2
1 A3 5 2 5 (2)
X XoX3 =N

Let us calculate the additional parameter:

12 = 1@ 4 AND =1 O 4 —X?’(X; D axNO - _%xg

14
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Note: It is easy to see that the integer solutions of system (2) look like this:

X =2k +1
1, 1
2 2
3 (3)
Xa= 132 4
37272
N = X X;X3
where k=0,12,...
4.5 Example

We now show the example of best partitioning, calculated according to (3):

Table 2

k X X, X3 N

0 1 1 1 1

1 3 5 13 195

2 5 13 85 5525
3 7 25 313 54775

For example, for N =195 the best partitioning with regard to the number of links
is 13 groups by 5 subgroups by 3 objects in each subgroup.

4.6 Step C™ (induction step)

By looking at the relations above we notice that analogous relations could hold
for the general case. Let us show that.

The following recurrent relations are true for recursively changing the level of
clusterization:

LW =x LD Xn11(Xns1 +1) 1O X1(X;+1)

N =x  NOD=N,NO =N (@)
Jm — +/1(N(n) —N)

Required conditions of function extremum for (4) are as follows:

15
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IO = M AN =0 =12;..
1 1 1 (5)

N(n) =N
From (4) it follows:
" XL, i=1,2,...,n
by = 1 1 .
LD 4 x + =, i=n+l
2 (6)
-1y .
N(I"I), _ XI"I+1N)((in ) ' |=1,2,-..,n
Xi -
N (n_l)l i =N +1

Suppose that from relations (5) the following equations over X;,Xy,..., X1

follow:
Xiiq = x,2+%;i—1,2, n
Tn+l (7)
IT x;=N
\j:1

And for the additional parameter the following relation is true:

1.

1M = ™M ANM = = %nat (8)

Let us show that for N+1-level clusterization C("* system of equations over the

needed variables x;,i=1,2,...,n+ 2 will look like this:

-

1, 1.
X ==X +—:1=12;....n+1
n+1 2| 2
1 n+2 (3)
IT xj=N
=1

The required condition for the minimum in that case is like this:

16
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n+1)' n+1)' n+l1)'
I = LMY L AN =0
or, by using the recurrent relations (4):
X LM+ A% N =0,i =1,2,...,n

where taking into account (4) we get the relations (9) for X, X,,...,X,,1. Let us

look at the relation for X, ,. Taking into account the relation (6) we have:
L™ + X2 +%+/1N(”) =0

where given (8):

(n)
1M +X,,0—==0
or
1
Xn+2:§xn+1+§

So, the following relations are the necessary extremum conditions for the
problem of n-level clusterization of distributed system, which includes N objects
and minimizes the number of links:

' 2 1
X2=_X1 +—
2
1, 1
(10)
1.1
Xn+1_ Xn+§
[ X4XoXg+ " XpXniq = N

It is also easy to get the equation for the additional parameter:

17
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Let us note that the sequence of X; is non-decreasing:
1, 1 1 2

Xigg =X ==X +=——X==(x-1)°>0
i+1 i 2 i 2 i 2(| )

This means that the number of subgroups is not less than the number of objects
in subgroup.

5. Strategy 2
Let us consider another, different strategy.

In previous case the selected objects had a role of communication devices. But
for the advanced systems it is required to appoint some objects to fulfil the
management roles, commanding the clusters which are lower by hierarchy, and
communicating with higher-level objects. Such situations arise, e.g., when
objects are the robots which could make their own decisions, that is they
constitute a multi-agent system. The same situation arises in social collectives.
Let us make several notes:

1) Each of the clusters has its managing node. The set of managing nodes
constitute the next-level cluster, which has its own managing node.

2) Clusters do not contain their managing nodes. So, X; is the number of
“employees” in a cluster, but without their “manager”. X, is the number
of managers, without their “high-level manager”, and so on. Structure of
such a system is presented in Figure 2.

x,

18
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Figure 2. Structure of the “department”

As before, the problem is to choose such a structure that the number of links is
minimum on a given level of structuring.

Method of solving this problem is mostly the same as in a previous strategy. So
we shall omit all the calculations and present only the final results.

For then n-level clusterization we have the following series of recurrent
relations:

The number of links, that is the function to be minimized, is:

LW =x NODLINO—x 41 (11)
The total number of objects:

N =x NOD LI NOD=x 41 (12)

Then then required conditions for the extremum are:

L AN =01 =1,2;...;n +1

1 1 (13)
N =N

Relations (13) are n+2 equations with n+2 unknown variables 4,%;,X,,..., X

n+l-

Taking into account the recurrent relations (11, 12), we get the following
equations:

LD AN =05 =1,2;..5n

1L +xn+1+%+/1N(“‘1) =0ji=n+1 (14)

N =N

Equivalent system of equations over X;,i =1,2,...,n+1 looks like this:

19
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@_Eﬁ+&
2
@_lé+&
2
Joee (15)

1.,
Xn+1=EXn + X%

n+l n+l

2 ([1x))+1=N

Li=l j=i

Relations (15) are the final solution to the link minization problem using the
Strategy 2.

Note: It is easy to see that the integer solutions to the system (15) have the
following form:

X, =1x2 4 x
275K N
Yo = L x2 1 x
3=_-Xo +%
2
1 (16)

10
Xn+1_§xn +X1

n+l n+l

2 (IT%))+1=N

i=1 j=i

where k=1,2,3,...
5.1 Example

For example, here are the best integer partitions for structurization level n=3,
using the Strategy 2:

20



	Section 1. Physics and Mathematics
	A Certain Problem of Clusterization of Distributed Systems
	Bolotin E.I., Zenkevich S.L.
	Russia, Moscow state technical university named N.Je.Bauman



	Section 2. Chemistry
	Экстракция ванадия в кислой области
	Курбатова Л.Д.
	Россия, Институт химии твердого тела УрО РАН



	Section 3. Biology
	Исследование ультраструктуры эпителиальной поверхности слизистой оболочки и симбионтов уголков рта представителей Bovinae Bоs taurus taurus
	Хацаева Р.М.
	Россия, Институт проблем экологии и эволюции им. А.Н. Северцова РАН



	Section 4. Technology
	Сравнение перемешивания двухфазных смесей в центробежном насосе и статическом смесителе
	Биштаков Р.Б., Заиченко Н.В.
	Россия, Уфимский государственный нефтяной технический университет



	Section 5. History and Archeology
	Вклад русского населения в промышленное развитие Дагестана в пореформенный период (1861-1917 гг.)
	Далгат Ф.М.
	Россия, Дагестанский государственный университет



	Section 6. Economics
	Трехуровневый интеграционный механизм стратегического учета, контроля и анализа
	Аракельянц Э.С.
	Россия, Донской государственный технический университет


	Роль АСЕАН в развитии регионального туризма
	Бочкарева Н.В.
	Россия, Владивосток, Дальневосточный федеральный университет


	Управление инновационным развитием бизнеса в условиях ограничения
	Бармашов К.С.
	Россия, Российский экономический университет им. Г.В. Плеханова


	Проблемы инвестирования в общественное питание социальной направленности
	Кулешова В.П., Фаррахетдинова А.Р.
	Россия, Башкирский государственный аграрный университет


	Интеграционная модель учетно-контрольного и аналитического обеспечения стратегии развития организации
	Лесняк В.В., Аракельянц Э.С.
	Россия, Донской государственный технический университет


	Методологические аспекты адаптивной информационной архитектуры коммерческой организации
	Лесняк В.В.
	Россия, Донской государственный технический университет


	Оптимизация транспортного обеспечения многономенклатурных поставок при учете грузовместимости и ВЦД
	Шидловский И.Г.
	Россия, Национальный исследовательский университет «Высшая школа экономики»


	Работоголизм как субъективный элемент корпоративной культуры аддиктивной организации
	Трифонов С.В.
	Россия, Санкт-Петербургский государственный экономический университет


	Социально-трудовые отношения в современном обществе: естественная эволюция и государственное регулирование
	Янченко Е.В.
	Россия, Саратовский государственный технический университет им. Гагарина Ю.А.



	Section 7. Philosophy
	Модусы ценностей политики
	Крюков В.В.
	Россия, Новосибирский государственный технический университет


	Естественнонаучное исследование философской проблемы «Знак и время»
	Мочалов К.С.
	Россия, Башкирский государственный медицинский университет



	Section 8. Philology
	Синтетические речевые акты
	Анохина С.П.
	Россия, Тольяттинский государственный университет


	Электронные средства обучения как эффективный инструмент интенсификации процесса обучения китайских учащихся русской фонетике (этнометодический аспект)
	Румянцева Н.М., Гарцова Д.А., Кужаков В.Е.
	Россия, Российский университет дружбы народов


	Формирование культурологической компетенции иностранных учащихся на базе учебно-методического комплекса «Окно в мир» (довузовский этап обучения)
	Румянцева Н.М., Рубцова Д.Н., Арсеньева И.А., Гарцова Д.А.
	Россия, Российский университет дружбы народов



	Section 9. Pedagogy
	Краеведение в патриотическом воспитании дошкольников и младших школьников
	Иванова Г.В., Смирнова О.М.
	Россия, Государственный социально-гуманитарный университет


	Непрерывное образование специалистов: новые вызовы, подходы, модели, субъекты
	Кузнецов А.Р.
	Россия, ГБОУ ВО МО «Академия социального управления»


	Компетентностный подход при преподавании информационных технологий
	Растоскуев В.В.
	Россия, Санкт-Петербургский государственный университет


	Воспитание интуитивного и логического мышления у студентов прикладников на примере исследования рисков возможных инвестиций
	Сосина Н.А.
	Россия, Тольяттинский государственный университет


	Интеграционная модель формирующего оценивания в процессе освоения общеобразовательной дисциплины
	Темняткина О.В.
	Россия, Институт развития образования Свердловской области



	Section 10. Medicine
	Нарушение сердечного ритма плода: принятие решения
	Игнатко И.В., Родионова А.М.
	Россия, Первый Московский государственный университет им. И.М. Сеченова


	Дифференцированный подход к отбору больных для минимальноинвазивных вмешательств на щитовидной железе
	Майстренко Н.А., Ромащенко П.Н., Криволапов Д.С.
	Россия, Военно-медицинская академия им. С.М. Кирова


	Анализ структуры обращений населения г. Санкт-Петербурга в страховую компанию по вопросам удовлетворенности качеством медицинской помощи, оказываемой детям
	Соколова В.В.
	Россия, Санкт-Петербургский государственный педиатрический медицинский университет


	Анализ результатов социологического опроса врачей по проблеме медицинской реабилитации детей
	Шрейдер Т.Ф.1,2, Федорова Г.В.1, Ткаченко Е.С.1
	1Россия, Омский государственный медицинский университет
	2Россия, Бюджетное учреждение здравоохранения Омской области «Центр медицинской реабилитации»



	Section 11. Psychology
	Арт-терапия и ритуал: к исследованию коммуникации
	Романова Е.А.
	Россия, Дальневосточный федеральный университет


	Трудности социализации и адаптации подростков - мигрантов
	Суслова Т.Ф.
	Россия, Институт фундаментальных и прикладных исследований Северо-Кавказского федерального университета (московское представительство)




