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PREFACE

As the title indicates, the book is about logic of questions (erotetic logic) which
is a branch of non-classical logic. The text goes in for two formal (logical) sys-
tems of questions with the important role of erotetic inferential structures. The
first one, inferential erotetic logic, had been originally developed in Poland in
1990s. I used this system in a slightly rearranged version that serves as the
main inspiration for erotetic logic studied in the epistemic framework. The sec-
ond system, erotetic epistemic logic, is just such a combination of epistemic logic
with questions that is open for application in public announcement logic.

The text is based on my doctoral dissertation [36] which was finished dur-
ing the year 2010. I decided to change some parts with respect to reviews and
discussions with my colleagues and students. Nonetheless, the structure and
main results are almost the same. I tried to incorporate all objections as well
as the advice of my referees or, at least, | comment on them in the last chapter.
The aim of this book is rather different from the thesis, therefore I checked allof
the proofs and explanations and amended them. Although I believe that the text
is more comprehensive now, some background knowledge of the reader is ex-
pected. A knowledge of elementary notions from formal (mathematical) logic
and a basic knowledge of modal logic is assumed, and would be very helpful in
reading the part starting at Chapter 3. Nice introductions to (modal) epistemic
logic are introductory chapters in [48] and [11].

STRUCTURE OF THE BOOK

The book includes two main parts that can be read independently. The first one
is Chapter 2 and the second one consists of Chapters 3 and 4. Chapter 1 serves
as an introduction and provides common a methodology for both parts. The last
Chapter 5 contains some final remarks on the methodology used, summarizes
the main results, problems, related approaches, and also further directions of

the branch.
7 N
N 7

’Chapter3‘ - ’Chapter4‘

If we compare the contents of the chapters, we may find another division
of the book. Both Chapter 2 and Chapter 3 can be understood as a study of
the ‘logic of questions’. There we are interested in basic erotetic structures,
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i.e., inferences with questions, relationships of questions and declaratives, and
answerhood conditions. However, Chapter 4 introduces questions as a part of
communication; a dynamic approach is applied in the erotetic epistemic frame-
work introduced.!

CHAPTER 1: LOGIC AND QUESTIONS

The chapter introduces a multi-paradigmatic situation in the methodology of
erotetic logic and contains a short historical overview of this branch with a spe-
cial emphasis on recent developments.? We briefly introduce inferential erotetic
logic, Groenendijk-Stokhof’s intensional approach, and some developments of
these theories. However, the core of the chapter is devoted to a formalization
of questions based on sets of answers. We justify the usefulness of the set-of-
answers methodology in the study of erotetic consequence relations as well as
in an epistemic interpretation of questions.

This chapter is based on the paper [37].

CHAPTER 2: CONSEQUENCE RELATIONS IN INFERENTIAL
EROTETIC LOGIC

This partis aimed at the studying of relationships among consequence relations
that are introduced in inferential erotetic logic (IEL). We keep the framework
of [EL, but the question representation uses the methodology from Chapter 1.
IEL requires that declarative and interrogative formulas are not mixed on the
object-language level; answers are strictly declarative sentences. The defined
consequence relations with questions are naturally based on the multiple-con-
clusion entailment among sets of declarative formulas. We add the term seman-
tic range of a question to the terminology of IEL and work with sets of declara-
tives as associated with classes of models. This ‘model-based approach’ makes
proofs and properties very transparent. The chapter is a technical overview
of some IEL concepts and their properties. We understand the IEL presented
as providing a general framework and inspiration for the work with inferences
among questions and declaratives.

Chapter 2 can be read as a full introduction to the topic; no reading of an-
other text is required. The chapter was originally published in [35].

1 Dynamic-like approaches bear the name ‘logic of inquiry’ in literature.
2 Approximately till the year 2010. Comments on the newest literature are in Chapter 5.
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CHAPTER 3: EPISTEMIC LOGIC WITH QUESTIONS

The main goal here is to incorporate questions in a general epistemic frame-
work. Questions are represented by finite sets of direct answers and their ‘sat-
isfiability’ in a state of an epistemic model is based on three conditions that
express ignorance and the presuppositions of a questioner.? In the framework
of normal modal logic, a question becomes a complex modal formula. Inspired
by inferential structures in IEL, we show that there are ‘philosophically’ similar
structures based on a classical implication. The rest of the chapter is devoted
to answerhood conditions and the role of the implication with respect to the
epistemic context and conjunctions of yes-no questions.

This chapter cannot be read without a basic knowledge of modal (epistemic)
logic.

CHAPTER 4: A STEP TOWARDS THE DYNAMIZATION OF EROTETIC LOGIC

This chapter takes full advantage of the multi-agent extension of the setting
from Chapter 3 and can be considered an application of the introduced
erotetic-epistemic approach in a dynamic framework. We define here public
announcement logic based on the S5 modal system extended by group modal-
ities. The askablity of questions as well as answerhood conditions are studied
from the viewpoint of groups of agents. As an application, we show the role of
questions and group modalities in a (communication-like) answer ‘mining’ in a
group of agents.
Some results of the chapter were published in [38, 39].

CHAPTER 5: CONCLUSION

The last chapter includes a brief overview of related works, main results, pos-
sibilities of future directions, and comments on the problematic parts of our
approach. This chapter is the result of many discussions. The important part of
the subsection devoted to weak points and problems is based on the reviews to
the original doctoral thesis. A list of up-to-date publications cannot be complete.
However, we tried to add important papers closely related to our approach.

3 We will use the term askability of a question (for an agent in a state).
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1.
LOGIC AND QUESTIONS

11 QUESTIONS, ANSWERS, AND INFERENCES

In this chapter we wish to show that it is reasonable to consider questions as
a part of logical study. In logic, declarative sentences usually have their formal
(logical) counterparts and play an important role in argumentation. We often
see logic to be primarily a study of inferences. Inferential structures are studied
in formal systems, which can differ in the formalization of declaratives as well
as in admitting or rejecting some principles.

We believe that dealing with questions in the logical framework will be jus-
tified if we show that questions can play an autonomous and important role in
inferences. Perhaps this point may be considered as the most important to jus-
tify logic of questions.

This introductory chapter provides a brief overview of the history as well as
methodology in recent approaches to erotetic logic. However, the main aim is
to concentrate on the methodology used in the rest of the book—we introduce
and discuss a variant of the methodology based on sets of answers.

1 In this paper we use the term logic of questions in the same meaning as erotetic logic, discus-
sions on both terms can be found in [19].
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1.1.1 QUESTIONS AND ANSWERS

Let us imagine a group of three friends: Anne, Bill, and Catherine. Each of them
has one card and nobody can see the cards of the others. One of the cards is the
Joker and everybody knows this fact.? Then

Who has the Joker?

is a reasonable sentence in this situation. We recognize it as an interrogative
sentence because of its word order and the question mark. Moreover, interrog-
atives are often connected with intonation and interrogative pronunciation.

An interrogative sentence includes more—a pragmatic aspect. A question is
a “request to an addressee to provide the speaker with certain information”, this
is an interrogative speech act [17, p. 1057]. Pragmatically oriented approaches
emphasize the roles of a speaker and an addressee. The roles seem, on the one
hand, to be outside of the proper meaning of interrogatives. On the other hand,
they are often understood to be a crucial aspect in analyses of questions; this
can be the reason why some logicians argue against some variants of the logic
of questions.

No matter what our starting position is if we want to work with interroga-
tives in the framework of a formal system, we are obliged to decide the following
two problems at least:

1. How to formalize questions?
2. What is the (formal) semantics of questions?

Reviewing the history of erotetic logic, there is no unique solution. There are
many approaches to the formalization of questions and every approach varies
according to what is considered important. Logic of questions is multipara-
digmatic. David Harrah [18, pp. 25-26] illustrates it nicely with examples of
so called ‘meta-axioms’. He groups them into three sets according to the degree
of acceptance by erotetic logicians:

1. The firstgroup includes meta-axioms accepted in almostall systems. Har-
rah calls them absolute axioms. For example:

(a) Every question has at least one partial answer.

(b) (In systems with negation) For every statement P, there exists
a question @ whose direct answers include P and the negation
of P.

(c) Every question Q has a presupposition P such that: P is a state-
ment, and if Q has any true direct answer, then P is true.

2 In the epistemic setting we will expect more: the rules of a ‘game’ are commonly known, cf.
Chapter 4.
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2. The second group, standard axioms, is often accepted, but not in all sys-
tems:

(a) Every question has at least one direct answer.

(b) Every direct answer is a statement.

(c) Every partial answer is implied by some direct answer.

(d) Every question is expressed by at least one interrogative.

(e) Each interrogative expresses exactly one question.

(f) Given an interrogative I there is an effective method for deter-
mining the direct answers to the question expressed by I.

3. Thelast group is called eccentric axioms. The following examples of such
axioms are accepted only in some interrogative systems:

(a) Iftwo questions have the same direct answers, then the two ques-
tions are identical.

(b) Every question Q has a presupposition that is true just in case
some direct answer to Q is true.

Let us notice the terminology, the difference between interrogative (sentence)
and question has been justintroduced by standard axioms. The first term mostly
refers to the type of a sentence and the second one is a bit more complex. A ques-
tion is expressed by an interrogative (sentence) and can be ‘posed’, ‘asked’, etc.,
cf. [19]. Although we use interrogative and question in the same meaning here,
the term interrogative sentence is reserved for a natural-language sentence, if
necessary.

What seems to be common to all approaches is that questions are some-
thing structured and closely connected with their answers. We hardly find a
propositional theory where questions are unstructured as atomic propositions
are. The meaning of a question is always closely connected to its answerhood
conditions.

Since an answer to a question is often represented by a declarative, the nat-
ural starting point of many erotetic theories is a standard formal system for
declaratives.

“Any first-order language can be supplemented with a question-and-
answer system” [51, p. 37].

This broadly accepted statement invites us to solve the problem with the formal-
ization of questions together with their meaning. Questions’ autonomy depends
on the chosen solution. Andrzej Wisniewski distinguishes two basic groups
of erotetic theories: reductionist and non-reductionist. Roughly speaking, non-
reductionism is characterized by the claim that questions “are not reducible to
expressions of other syntactic categories” [51, p. 40], see Section 1.2.1 in this
chapter, too. The boundary between both groups is fuzzy. Perhaps only pure
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pragmatically oriented approaches belong to the radical reductionism with a
complete rejection of questions as a specific entity in formal logic.3

1.1.2 INFERENCES WITH QUESTIONS

Although there are discussions on whether it is necessary to work with ques-
tions as a new specific entity in a formal system, almost all theorists agree that
questions play a specific role in inferences. Let us come back to our group of
friends. The situation, where

either Anne has the Joker or Bill has the Joker or Catherine has the
Joker,

can raise the question
Q: Who has the Joker?

A question is raised (inferred) from a declarative or from a set of declaratives.
What would make this raising reasonable? ‘Answerhood conditions’ is the an-
swer. Any ‘reasonable’ answer to the question Q is connected to the declarative
context.

Another kind of inferential structure could be based on declaratives as well
as questions among premises. For example, from

Q: Who has the Joker?
and

I': The only person from London has the Joker.
can be inferred the question

Q1: Who is from London?

The relationship of the inferred question Q, and the initial question Q is based
on their answerhood conditions. An answer to Q can provide an answer to Q,
with respect to the context I'. Moreover, in this example, Q can be inferred from
Q, with T as well. This shows that the relationship is dependent on various
kinds of answerhood conditions and contexts.

Let us have Q remain the same, but the context is

A person from London has the Joker.

3 An example of one of the radical approaches [43] is commented in [34].
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If two persons are from London and we gain their names in an answer to Q,,
then we receive only a partial answer to Q.* If each of the friends (or nobody)
is from London, an answer to Q, does not provide any help for the answering of
Q. Then we can discuss the utility of an inferential relation between Q and Q,
with respect to this context.

The role of answerhood conditions in inferences among questions is obvious
in the following example: From any (complete) answer to

Who has the Joker?
we obtain a (complete) answer to the question
Does Anne have the Joker?
as well as to the questions
Does Bill have the Joker?
and
Does Catherine have the Joker?

Answerhood conditions of the previous three questions are entailed in the an-
swerhood conditions of the question Q. They can be inferred from the answer-
hood conditions of Q. The question ‘Does Anne have the Joker?’ is entailed by
‘Who has the Joker?’.

We have just presented inference-like structures with questions as depen-
dent on answerhood conditions. Now, still faced with the problem at how to
formalize the relationship of questions and answers, we will introduce a conve-
nient solution based on a liberal set-of-answers methodology.

1.2 SET-OF-ANSWERS METHODOLOGY

We are going to solve the problem of the formal shape of questions simulta-
neously with the problem of the questions’ semantics. The formalization of a
question will be based on a (possibly infinite) set of ‘specific’ answers. More-
over, we attempt to show that such an approach can also satisfy some semantic
and pragmatic requirements.

4 Informally, a partial answer does not completely answer a question, but it eliminates some of
the possible (and complete) answers. The term possible and complete answer expresses that
the answer ‘completely answers’ a question. Later on we will introduce formal definitions.
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1.2.1 SEMANTICS OF QUESTIONS

Some theories do not admit that questions could have an independent meaning
in logic. Questions are paraphrased by declarative sentences; in particular, the
question ‘Who has the Joker?’ may be then paraphrased by

I ask you who has the Joker.
Another way is the paraphrasing by epistemic-imperative sentences:
Bring it about that I know who has the Joker!

The adequacy of both paraphrases in capturing the complete meaning of a ques-
tion is rather problematic.> One of the problems is that these approaches are
forced to work with a questioner and an addressee already on the basic level
of the questions’ meaning. Of course, we expect to utilize the importance of a
questioner and an addressee, but it should be a task for a chosen background
system not for the general semantics of questions.® We understand pragmatic
aspects as a higher level analysis.

Nuel Belnap formulated three methodological constraints on the meaning of
questions which he used for classification and evaluation of erotetic theories:’

1. Independence Interrogatives are entitled to a meaning of their own.

2. Equivalence Interrogatives and their embedded forms are to be tre-
ated on a par.

3. Answerhood The meaning of an interrogative resides in its answer-
hood conditions.

The most important is the first requirement, which is the main sign of non-
reductionist theories. To accept the independence requirement means that we
are obliged to look for the specific semantics of questions. The equivalence re-
quirement is closely related to a semantic entailment and is dependent on the
chosen semantics. Answerhood requires that the meaning of questionsis related
to the meaning of answers. In addition, we can work with the idea that the se-
mantics of answers forms a good background for the study of the meaning of
interrogatives.

Approaches, which accepts that answers are crucial for the meaning of ques-
tions, are in compliance with the first postulate from the following list suggested
by Charles Hamblin:®

5 See also [19] for other examples and references.

6 In chapters 3 and 4 we will follow this idea and the background system will be dynamic epis-
temic logic.

7 Belnap, N.D., ‘Approaches to the semantics of questions in natural language. Part I, Pittsburgh,
1981. Cited from [16, p. 3-4].

8 Hamblin, C.L. ‘Questions’. Australasian Journal of Philosophy, 36(3): 159-168, 1958. Cited
from [19].
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1. Knowing what counts as an answer is equivalent to knowing the ques-
tion.

2. An answer to a question is a statement.

3. The possible answers to a question are an exhaustive set of mutually ex-
clusive possibilities.

Each postulate may be argued against and a detailed discussion is available in
[17]. However, according to David Harrah, adopting the first one is “the giant
step toward formalization often called set-of-answers methodology” [19, sec-
tion 2]. Although there is not only one kind of set-of-answers methodology
(SAM, for short) in the literature, we will not make any survey here. In the next
subsection we introduce an easy idea of a question representation by a set of
direct answers.

1.2.2 SETS OF ANSWERS

Generally, without any context, the question Who has the Joker? can be an-
swered by expressions of the following form:

Anne.

Anne has it.

Anne has the Joker.
Anne and Bill.

Batman has the Joker.

Your friends.
People at this table.

Nobody.
etc.

The question seems to be answered if a (complete) list of Joker owners is given.
We can assume that answers are propositions; thus, the first three items in the
list have the same meaning in the answering of the question.

From the viewpoint of propositional logic and in accordance with the first
two of Hamblin’s postulates, we can understand every question as closely con-
nected with a set of (propositional) formulas—formalized answers.

Furthermore, we can receive some of the following responses to the same
question:

Anne doesn’t have the Joker.
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or
I don’t know who has the Joker.

The first one can be considered to be a partial answer; it removes some answers
as false, in particular, all answers with Anne having the Joker.®

The second one appears to bear another kind of information; an addressee
says to a questioner that she has the same problem and would ask the same
question. (We will return to this topic in the last paragraph of Section 1.4.)

If we had decided to represent every question by a complete set of its an-
swers, we would not always have a clear and useful formalization of questions.
Letusreturn to our example of three friends with cards. Considering the context
and the question Who has the Joker?, a questioner expects one of the following
responses:

a: Anne has the Joker.
[: Bill has the Joker.
y: Catherine has the Joker.

or a response that leads to one of the just mentioned. In fact, the question
Who has the Joker?
with respect to the context

Either Anne has the Joker or Bill has the Joker or Catherine has the
Joker.

might be reformulated to
Q': Who has the Joker: Anne, Bill, or Catherine?

The answers «, 8, and y are understood as ‘core’ answers that form the meaning
of the question Q'. We use the term direct answers for them. The sentence

&: Neither Anne nor Bill have the Joker.

is an answer, from which the answer y can be inferred thanks to the context. We
call § complete answer to Q'. Complete answers are ‘solutions’ of a question and
the set of direct answers is a subset of the set of complete ones.

Our SAM is inspired by the syntactic representation of questions in infer-
ential erotetic logic founded by Andrzej Wisniewski.!° We want to be very lib-
eral and, thus, to represent questions as sets of formulas, which play the role

9 We can imagine a context when the answer is complete—only two players.

10 The best overview of questions’ formalization in inferential erotetic logic is in the book [51,
chapter 3]. See also the article [53] and the new book [59]. We will return to this system in
Chapter 2.
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